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Every element becomes a dot product of row vector
and column vector.

1 2
i -

(r1+2x2)  (On1t+2y2)
(Bx1+4x2)  (By1+4y2)
(5x1+6x3)  (5y1+6y2)

I I |

The produced rows are linear combinations of rows.
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Ax and Ay are linear combinations of columns of A
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Multiplication AB is broken down to a sum of rank 1 matrices.
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Operations from the right act on the
columns of the matrix. This
expression can be seen as the three
linear combinations in the right in

one formula.
.| = 1
P2 2am 2
e o o IZm 3

Operations from the left act on the
rows of the matrix. This expression
can be seen as the three linear
combinations in the right in one
formula.
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Applying a diagonal matrix from the right
scales each column.
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Applying a diagonal matrix from the left
scales each row.
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This pattern makes another combination of columns.
You will encounter this in differential /recurrence equations.

dy €1
XDc =[X1 X2 X3] [ d, l [Czl = dixq1 + Cydy X2+ c3d3x3
d;l1¢3
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A matrix is broken down to a sum of rank 1 matrices,
as in singular value/eigenvalue decomposition.
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Dot product (a - b) is expressed as aTh in abT is a matrix (abT = A). If neither a, b are 0,
matrix language and yields a number. the result A is a rank 1 matrix.
X1 11 [*1 1 x y
[1 2 3] X2| = 2] [X2] =%, + 2x2 + 3X3 2 [x y] — |2x 2y
X3 3 X3 3 3x 3y

illust-p3.eps



CR
LU
QR
= QAQ"
A=UzVT

illust-p30.eps

=

illust-p31.eps

“”h > »
|

illust-p32.eps

-

illust-p33.eps

illust-p34.eps

=

illust-p35.eps

A

illust-p36.eps

A C R

==

Il

illust-p37.eps

ni-=

=

™=
I
.=
=

WM 1 1)

oIl -+ -IEN
ol - olE2Em

Independent columns in €
Row echelon form in R
Leads to column rank = row rank

LUdecomposition from
Gaussian elimination
(Lower triangular) (Upper triangular)

@R decomposition as
Gram-Schmidt orthogonalization
Orthogonal @and triangular R

Eigenvalue decomposition
of a symmetric matrix S
Eigenvectors in @ eigenvalues in A

Singular value decomposition
of all matrices 4
Singular values in £
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Matrix World

Matrix (mxn) Matrix Factorization
A=CR A=uzvTEEN Appearing section
Linear Algebra row rank = columnrank SVD: orthonormal basis U,V (in Linear Algebra for Everyone)
for Everyone

Square Matrix (nxn)
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det(A) # 0, allA# 0 i at least one 2 = 0,det(4) = 0
A=QR Triangulélrize -~ A=LU

Gram-Schmidt ——=U has at least one zero row
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Semidefinite
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! Projection
P2=pP=P",A=10r0

0
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Definite|

Drawn by Kenji Hiranabe
with the help of Prof. Gilbert Strang
(v1.5, Mar.2",2023)
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Matrix (mxn)
A=CR A=UzyT

row rank = column rank

SVD: orthonormal basis U,V
Square Matrix (nxn)
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R™ = N(4) + ¢(47)
N(4) L c(4T)
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The row vectors of A are multiplied by a vector x

and become the three dot-product elements of Ax.

Mv2

The product Ax is a linear combination of the
column vectors of 4.

1 21, [ (x,+2x3) 12 X1 1 2
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L2 the two column vectors of 4
yA=D1 Y2 ¥s]f3 4 =[01+3y2 +57s) (231 +4y2 +6ys)] and become the two dot-product
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elements of yA.

The product yA is a linear
combination of the row
vectors of 4.



